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Abstract: we study d = 2 + 1 non-commutative U(l) YMCS, concentrating on the one- 
loop corrections to the propagator and to the dispersion relations. Unlike its commutative 
counterpart, this model presents divergences and hence an IR/UV mechanism, which we 
regularize by adding a Majorana gaugino of mass mj, that provides (softly broken) super- 
symmetry. The perturbative vacuum becomes stable for a wide range of coupling and mass 
values, and tachyonic modes are generated only in two regions of the parameters space. One 
such region corresponds to removing the supersymmetric regulator {nif ^ rUg), restoring 
the well-known IR/UV mixing phenomenon. The other one (for ruf ^ inng/2 and large •&) 
is novel and peculiar of this model. The two tachyonic regions turn out to be very different 
in nature. We conclude with some remarks on the theory's off-shell unitarity. 
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A.2 Useful integrals 



1. Introduction 

Non-commutative quantum field theory is a fascinating theoretical laboratory where non- 
trivial deformations of spacetime structures induce novel and unexpected dynamical effects 
at the quantum level. Recently they have attracted a lot of attention, mainly due to the 
discovery of their relation to string/M theory |2|. In particular, Seiberg and Witten 
realized that a certain class of quantum field theories on non-commutative Minkowski 
spacetimes can be obtained as a particular low-energy limit of open strings in the presence 
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of a constant NS-NS i?-field. From a purely field-theoretical point of view, they appear as 
a peculiar non-local deformation of conventional quantum field theory, presenting a large 
variety of new phenomena, not completely understood even at the perturbative level. For 
a self-contained review of these topics, see [^, 

Four-dimensional non-commutative gauge theories are affected by the infamous IR/UV 
mixing |5|, ^ that complicates the renormalization program and may produce tachyonic 
instabilities Three-dimensional topologically massive electrodynamics (YMCS) is 

particularly interesting to study in this respect, for at least two reasons. First of all, the 
presence of a single physical polarization and of an explicit gauge-boson mass simplifies the 
analysis of the IR/UV mixing, and elucidates the nature of the tachyonic instabilities. In 
Q, we have presented some preliminary results, showing that the purely gauge model suffers 
from the IR/UV phenomenon, and that (softly broken) supersymmetry can be employed 
to remove the IR singularity at one loop. In |p!o| , ^ the IR/UV mixing was studied in 
the exactly supersymmetric theory employing the superfield formalism, and considering 
gauge superpotentials in the fundamental and adjoint representations. A second reason 
for our interest in this model is that non-commutative gauge theories with Chern-Simons 
terms have been proposed as effective description of the Fractional Quantum Hall Effect 

Naively one may expect that there is no problem with the IR/UV mixing for the YMCS 
system. In fact, topologically massive commutative gauge theories are super-renormalizable 
models, that actually turn out to be UV-finite in perturbation theory. Thus, apparently, 
there is no UV divergence to be moved in the IR region. However, the finiteness of 
these theories originates from their symmetries: the simultaneous presence of Lorentz- 
and gauge-invariance prevents the potential linear divergences. We will show that, in the 
non-commutative setup, the linear divergences will reappear in the infrared through the 
IR/UV phenomenon because of the loss of Lorentz invariance. However, the theory is still 
UV-finite, and the planar sector won't need any explicit regularization. The infrared di- 
vergences can instead be regulated by introducing softly broken supersymmetry, through 
the coupling with a Majorana fermion |9|, 17 1. 

Our main results concern the analysis of the renormalization of the polarization ten- 
sor at one loop. We concentrate on the dispersion relations E{p), which are non-trivial 
because of the loss of Lorentz invariance, like in the case of theories at finite tempera- 
ture. We observe several exotic phenomena, like a 2 -|- 1-dimensional relic of birefringence, 
and anomalous dispersion relations. Thanks to soft supersymmetry and to the presence 
of a topological mass term, this model has a perturbatively stable vacuum for a wide 
range of couplings and masses. Two tachyonic regions are present, however. The first one 
corresponds to the limit in which fermions are removed from the spectrum, so that super- 
symmetry is lost and the IR/UV phenomenon is restored. The second tachyonic region is 
truly novel, however. It is generated when the gauge boson's mass rUg is just below the 
threshold for the decay in two fermions, rUg < 2m j, and for strong non-commutativity. The 
reason for its occurence is related to the fact that, in a non-commutative theory, the shift 
in the mass renormalization — 777,t>are q£ ^ particle is a physically observable quantity, 
and depends on the physical cut-off Agfj = 
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The structure of the paper is as fohows. In section ^ we introduce the Yang-Mills- 
Chern-Simons model and its supersymmetric extension, and describe their symmetries. 
Section ^ is devoted to an analysis of the properties of the polarization tensor of the theory: 
in particular, we show that 11^;^ is transverse at one loop using the BRST identities. Next, 
we compute the one-loop corrections to the propagators of the gauge boson and of the 
gaugino, and their renormalization. 

Sections § and ^ are devoted to a study of the dispersion relations in several different 
limits. We discuss the generation of anomalous dispersion relations and tachyonic instabil- 
ities and the physical mechanisms at work in the two destabilization regions. In section ^ 
we substantiate some of our claims concerning the consistency of our results. We check the 
validity of our findings against the contributions of higher orders in perturbation theory. 
We discuss the extension of our analysis of the theory's unitarity off-shell, and provide an 
independent check that the tachyonic instabilities encountered in the previous sections are 
not due to gauge artifacts. In section |^ we speculate on the nature of the new vacuum. An 
appendix is devoted to establishing the notations, and to the Feynman rules. 



2. Non-commutative SUSY U(l) Yang— Mills— Chern— Simons 

In this section we introduce our model, a non-commutative U(l)^ Yang-Mills-Chern- 
Simons (YMCS) theory with softly broken supersymmetry, and we discuss its symmetries 
and main dymanical properties. 

The non-commutative 11(1)^, YMCS Lagrangian is formally obtained by substituting 
pointwise products with Moyal products^ 

if-*^9){x) = J J f{y)g{z)e ^ (2.1) 

inside the commutative U(A'^) Lagrangian, and then setting A'^ = 1. For reasons which will 
become clear as we proceed, we will be considering the addition of matter to the model: 

^s'-YMCS = / ( - i^M- * ^'^^ + \^^ - "^/) * ^+ 

The first line contains the non-commutative Yang-Mills action and a minimally coupled 
Majorana fermion; the Chern-Simons term is in the second line. 



^ In what follows the case where the non-commutativity tensor i?^^ in 

is spacelike (i?"^ = 0) is intended unless specified otherwise. Therefore, i?^" is a shorthand for iJe"^"; g and 
a are coordinates on the non-commutativity plane, and by (i9~^)fi,y we mean the inverse of iJ^j^ restricted 
to this plane. 
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There are a few subtleties involved in the definition of this action, related to the 
impossibility of employing general gauge groups, and of implementing local observables Q. 
The action (^]^) is invariant under star-gauge transformations 

A^^x) = u{x) -kAf,{x) ★^"'"(x) - -d^u{x) *u^{x), (2.3) 

generated by star-unitary functions: u{x) -ku^(x) = n(x)^ -k u{x) = 1. Infinitesimally, for 
u = l-ige + 0{g^), 

V^e = A^{x) - A^ix) = d^e - ig[A^,e\^. (2.4) 

The field strength F^^^ = d^j^Ay — d^A^ — ig[A^, Ai,]^, is in the adjoint representation: 
F"(x) = u{x) * F^y(^x) * u^{x), which shows that the Yang-Mills term / d^xFf^u * F^^'^ 
is star- gauge invariant. 

Unlike its commutative counterpart, a \J{N)^, theory is interacting also in the N = 1 
case, owing to the fact that star-commutators do not vanish: 

' ^ " I Mx)- (2.5) 

The group of star-unitary transformations is vast, as it includes translations, rotations 
and area-preserving diffeomorphisms. This allows for the non-trivial structure constants 
sin(^|2), which can be obtained as a specific — > oo limit of the commutative U(A^) 
structure constants. The U(l)* case therefore captures most of the perturbative dynamics 
of the U(A^)^ theories, where the colour structure constants /'^'"^ factorize in front of all 
Feynman diagrams. 

Taking the ■!? — > limit, all interactions are turned off and one retrieves the ordinary, 
free U(l) theory. As this limit may be ill-defined because of infrared divergences, we choose 
to work with a finite value of and expand only in the dimensionless coupling constant 
g"^ /nig, obtaining a perturbative dynamics that is closely related to that of ordinary U(A^) 
theories, with three- and four- gauge boson vertices. In addition, we remark that truncating 



the Moyal product (2J.) at any finite order in i? entails losing all information about the 
non-locality of the theory. 

The Chern-Simons piece in the second line of ( |2.2D provides a topological mass for 
the gauge boson and is not invariant under star-gauge transformations: its shift 

is given by 



J (l^xex^y{v) -kdxu-kv) -kd^u-kv) -kduu) - ^ j d^x ex^^udxiu^ -k d^u-k A^) = 



47r^ ( ) w{u) + total divergence 



(2.6) 



where w{u) is a "topological" term. 

Non-commutative field theories support a variety of classical solutions and topologically 



non-trivial field configurations |2C, |2^, One may explicitly construct a transfor- 



mation which has a nonvanishing index w{u), in terms of a star-projector (P * 
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which depends only on the non-commuting coordinates ¥(xg,Xf^). Take, for example, the 
star-unitary transformation 

np,fe(x) = [1 - P(x„ x^)] + e*^("'')p(x„ x„), (2.7) 

where 6(x^) is a real function. Its index w{u) is 

= d^xb'{x^)cos'^{F*[d,F,d^Fl) = i>V(P) J d^x 6'(x^) cos^ 

(2.8) 

the directions {Q,a,'d) have been defined in footnote |l[ E. g. choosing P = 2exp{ — (x^ + 
x^)/|t?|} and 6(x^)|l^ = 2tt, we find w{u) = 1. The Lagrangian is not invariant under 
large star-gauge transformations, but the path integral is, provided 

-^j 4tt^w{u) = 2-Kk. (2.9) 

In the commutative theory, this enforces the quantization of the dimensionless coupling 
constant /nig. 

In three dimensions both Dirac and Majorana fermions exist. Real fermions are spe- 
cially interesting in that, for arbitrary values of the parameters i9, (7, my, and m^, our 
action (|2.2| ) has a softly broken, M = 1 supersymmetry. In the special case ruf = rUg the 
action becomes invariant under the supersymmetry transformations parameterized by e: 

6A^ = ie-f^X, d\ = ^F^,-f^Ye; (2.10) 

the supersymmetry algebra closes on star-gauge transformations. By softly breaking su- 
persymmetry we will be able to retrieve several interesting limits, such as U(l)^ QCD 
(rug — > 0, m/ finite), and pure Yang-Mills-Chern-Simons (mj — > 00, nig finite). 

In the non-commutative setup, Lorentz symmetry is wasted. The residual symmetry 
group can be obtained by considering the Poincare dual of 'dfj,^, 

= ex^.u^"" (2.11) 

When {)\ is timelike one has purely spacelike non-commutativity, and the residual symmetry 
group is the Galilei group of S0(2) rotations (space and time translations are untouched 
by non-commutativity of the coordinates). When t?^ is spacelike one has spacetime non- 
commutativity, and the relic of the Lorentz group is S0(1,1). In the lightlike case the 
entire Lorentz group is ruined. In the following, we will consider the case where non- 
commutativity is spacelike. 

Since Lorentz symmetry is broken one may try to construct new tensor structures 
with the same spacetime, discrete and gauge symmetry properties as the ones we have 
included in the Lagrangian ( |2.2| ). However, no perturbatively renormalizahle such struc- 
tures are induced in the effective action by quantum effects. An interesting example is 
- J d^x e^^'^^'dfj^uAg, which is gauge invariant, V and T-odd and VT-even, just like the 
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Chern-Simons coefficient, and would contribute a constant curvature 'D^F^'^ + F'^ = ■d'^ to 
the equations of motion, destabilizing the perturbative vacuum already at tree level p^ . 
Such a term is however not generated by the Lagrangian ( |2.2| ) at any order of perturbation 
theory, so we are free to discard it. 

Let us briefly recall the discrete symmetries of the theory. In two space dimensions, a 
reflection with respect to a point can be undone by a rotation, so the parity transformation 
V must be defined as a reflection along one space axis, say x 

^-%(t,x,,)7^=(-^^(*'-^'^) ''^ = '^ (2.12) 
[ A^(t,— x,y) otherwise; 

charge conjugation and time reversal act in the more familiar manner. Direct inspection 
reveals that the NC Chern-Simons Lagrangian is odd under parity and time-reversal. While 
the fermion's kinetic term is even under the discrete transformations, the fermion's mass 
term shares the same properties as the Chern-Simons mass term, the two being related by 
supersymmetry ( 2.10| ). The whole Lagrangian is even under charge conjugation and the 



combined action of V and T; the theory is therefore invariant under CVT . 

Since the mass terms share the same symmetry properties, an anomalous Chern- 
Simons term can also be induced by massless fermions. In this case, in [25|, a discontinuity 



was observed in the commutative (t? — > 0) limit, related to the fact that Majorana spinors 
become non-interacting in this limit. Since the Chern-Simons term stays finite for all values 
of "!?, however, this discontinuity can be employed to test the presence of non-commutativity 
and of violations of Lorentz invariance in nature. 



3. One-loop renormalization 

In the following we will address the issues of vacuum stability and unitarity by analyzing 
the one- loop, one-particle irreducible two-point functions of the gauge boson and Majorana 
fermion. Our first task will be the calculation of the boson self-energy: because of the 
breaking of the Lorentz invariance, the question of the transversality of the self-energy is 
non-trivial, like in the finite-temperature case. We will derive a Ward identity which shows 
the one-loop transversality. We will be working in the Landau gauge, but we will discuss 
the gauge-independence of our result. We find an unexpected IR/UV mixing, no unitarity 
violation for spacelike non-commutativity, and an "exotic" low-dimensional remnant of the 
birefringence phenomenon. 

In a non-commutative theory, the momentum-dependent phases in the vertices (see 
appendix [A.l| ) factor out in the planar diagrams^ of figure [l|. However, in the non-planar 
diagrams these phases retain a non-trivial dependence on the loop momentum, and are a 
potential source of IR/UV mixing 

^The second diagram in figure |l], generated by a giuon four- vertex, is not present in d = 4 theories, 
where it would contribute a non-gauge-invariant mass term. In our case, it plays an important dynamical 
role because of the breaking of Lorentz invariance. 
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Ghost loop 



Fermion loop 



Fermion self-energy 



Figure 1: All the relevant planar diagrams; all of these diagrams have non-planar counterparts, which 
contain the truly non-commutative effects. External particles have been added for future reference. 



Let us recall some relevant features of the matterless model. The commutative YMCS 
model is perturbatively finite, provided one employs a gauge- and Lorentz-invariant regula- 
tor. By naive power counting, at one loop there can be at most linear and logarithmic UV 
divergences in the diagrams of figure ||. However, careful inspection of the vacuum polar- 
ization reveals that the would-be linear divergence is generated by a parity-even structure 
in the external momentum. If this divergence were produced, it would contribute a parity- 
even, gauge-invariant, power-counting renormalizable term to the effective action — but no 
Lorentz-invariant such term exists. Similarly, the theory is protected against logarithmic 
divergences, as one easily sees by checking that the coupling constant g is dimensionful. 

In the non-commutative case, non-planar diagrams have an even more regular UV 
behavior, so one could expect perturbative finiteness also here. This naive reasoning would 
lead one to not expect any infrared/ultraviolet (IR/UV) mixing to occur: there is just no 
divergence to mix with. In this section, however, we will see that in the non-commutative 
case the loss of Lorentz-invariance will accomodate a linear IR/UV effect. 

This is why supersymmetry turns out to be useful. An elegant way to have under 
control the IR/UV effects is to consider the super symmetric extension of the model: SUSY 
provides a natural, gauge- invariant regularization and acts via the IR/UV mixing as an 



infrared regulator |16]. In fact, if the number of supersymmetries is sufficiently large, 
all the undesired divergences will disappear from the infrared region. The sum of the 
first four diagrams in figure |l| is related by the supersymmetry Ward-Takahashi identities 
to the single fermion self-energy diagram. As some trivial power counting shows, the 
polarization tensor potentially has linear divergences, but the fermion's self-energy has at 
most a logarithmic divergence, which shows that (unless non-commutativity breaks SUSY) 
the fermion loop diagram must cancel the linear divergences of the purely gauge/ghost 
diagrams. 
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3.1 Tensor structures on M| 

The simplest way to address the question of vacuum stabihty and unitarity is to analyze 
the one-loop, one-particle irreducible two-point function of the gauge boson. At the tree 
level, this function coincides with the commutative one, since the star-product is irrelevant 
in the quadratic part of the action. Its tree-level form in the Landau gauge (which we shall 
always use in the following) is in fact 

= 9^lvP^ - PfiPu - irUgS^i^xP^. (3.1) 

In the commutative case the only effect of the one-loop radiative corrections is to renor- 
malize the two transverse structures in (|3.l| ): 

n^,(p) = n<=(p)(5^,/ _ p^p^^ _ ^^^^°(p)e^,AP^ (3.2) 

This simple setting cannot be promoted to the non-commutative setup as it originates 
from the simultaneous presence of gauge- and Poincare-invariance, the last of which is 
now broken. More importantly, even the transversality of the one-loop correction to the 
rj;^^'' may be endangered. This possibility, for example, is realized in non-Abelian gauge 
theories at finite temperature [^, where the spacetime symmetries are destroyed by 
the existence of a preferred reference frame, provided by the thermal bath. 

Because of the presence of the noncommutativity parameter i}^^, it is possible to 
construct more tensor structures than in the commutative case. By introducing i?'^ = 
^e^^'^'dga and the orthogonal basis {p'^,p^,x'^)i with 

^^/^ = _ = e^^^XsP^ = = = (^P)^ (3.3) 

which satisfies the completeness relation 

Xl^Xu PfiPu P^,Pu _ , 

(x • x) {p- P) [p ■ p) 

we can write the most general expression for the self-energy 

n^i. = {AlX^Ji+Mp^l + Mp^l)Xp + {BlX^l + B2P^, + B^p^)p^, + {ClX^Ji + C2P^ + C■ip^)py. (3.5) 

It is possible to reduce the number of allowed tensor structures using the appropriate 
Ward identity for the gluon propagator. We start by considering the BRST variation^ of 
the correlator {c{x)Ay{y))Q: 



= 5{{c{x)A,{y))Q) = -{^^A^'{x)A,{y))^ + {c{x)d,c{y)) + g{c{x)[A,{y),c{y)],)o-, (3.6) 

4 



^The fields transform as follows: 

1 



5A^ — 'V*^ce, 5c — —ig{c-k c) e, Sc=-d^A'^e, 
where c is the ghost field, e is the Grassman BRST parameter, and ^ is the gauge-fixing parameter. 
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by employing also the Schwinger-Dyson equation for the ghost propagator 

U^Q{x-y) + g{dM%x),c{x)],c{y))^=5\x-y), (3.7) 
we obtain the identity 

PA ^^^"(p) = igTM (pV - p'^"" + ^m.e'^"^ - in^"(p)) , (3.8) 
where Vy is defined by: 

(c(x)[^,(y), c(y)],)o = i [ <i^zg{x -y- z)T,{z) = it,{x - y), (3.9) 



and Q{x — y) = {c{x)c{y)) is the ghost propagator. At one loop, the gluon self-energy li^^ 
is of order , while Tu{p) is of order g. Then the BRST identity reduces to 



px mr-ioap = ignip) (pV - Z^'^" + imgE-'^^pp) . (3.10) 

To fully appreciate the meaning of this constraint, we have to analyze the form of rf!(p), 
the function Ty[p) at order g in the coupling constant: at this order we may use the bare 
ghost propagator inside equation (3.9): 

\ti{p) = TM- (3.11) 

In the commutative case, Fjy is compelled by Lorentz invariance to be proportional to 
Py, and the above identity entails transversality. As we have seen in equation ( |3.3| ), in the 
non-commutative model, there are two new possible vectors that can appear in the expan- 
sion of Ty, and the above argument would seem to fail. Nevertheless, a detailed one-loop 
analysis shows that has surprisingly no component along p^ and so transversality is 
preserved at one loop. At higher loops the situation is less clear, but we have indications 
that this property continues to hold. 

Imposing p^Hfj^u = and subsequently p'^IL^^ = 0, we immediately get that all the Cj 
vanish, and that ^43 = 53 = 0. Therefore, the most general transverse two-tensor is 

n^i. = {AiXfM + ^2Pm)Xi/ + (-BiXm + B2P,j)Pu = 

■ -rre 2 / PuPu PuPu \ , -n-e PuPf 2 tto • A , -i=ro r ~ , ~ \ 

= U^p Ig^u - ) + ~ ^ ^"^^Mi'AP + n ip^,Xu+PuX^^)■ 

In practice the last tensor structure will not be generated at any order in perturbation 
theory, because of the accidental invariance — > — possessed by 11^,^; this, combined 
with the Bose-Einstein symmetry (/i ^ i/, p ^ —p), would require 11° to be even in -i? and 
odd in p, however, no such scalar can be built using only p^, i?^ and We are left with 



X P 

nC I PuPu PllPu \ 2 I TtcPp-Pu 2 TTO- A /o ir.N 

1 \ ~ ^2 ^ 1 P + ^2-^P - ™^mg£^yxP = (3.12) 

TTe ( PuPu \ 2 , TTl? Pl^Pf 2 TTO ■ A 

= H\ [g^y - ^2~ ) P + ^ ~^P ~ ^ i^gEf^uXP ; 
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in the last line, we have explicitly isolated the contribution from the new tensor structure 
n'' = n| — . At the end of the day, the only effect of non-commutativity is to produce 
two different wavefunction renormalizations: one along and one along X/i- Because of 

' 

the commutative case ( p.2| ) is recovered when Xlf = 112. 



3.2 One-loop polarization tensor 



In the next section, by inspecting the renormalized propagator G^^{p) at one loop, we 
shall illustrate how non-commutativity affects the spectrum of the theory, its unitarity and 
vacuum stability. But for accomplishing that, we need the explicit form of scalar functions 
n|, ni and n°, whose evaluation is quite lengthy and tedious. The techniques employed are 
well known in the literature, see for example |^8|. Each renormalization function contains 
two contributions, which originate from the planar and non-planar diagrams. The former 
is identical^ to the commutative (non-Abelian) one, while the latter carries the effects of 
non-commutativity. 

It is usually convenient to measure everything units of m^, so that the action's parame- 
ters {mf,mg,g,i!}) are re-expressed in terms of the dimensionless quantities (;U, g^/m^, m^-!?). 



ruf 



m„ 



^ = "~^' (. = rUg^/jTiJ) = rUgT^lPl = mg\p\. (3.13) 



m„ 



We start by evaluating the contribution to the gluon self-energy from the gauge sector's 
contributions. We calculate the diagrams and project according to the convention ( 3.12| ). 
The planar contributions are 



•-pre.glue _ - pre.glue 



o,glue 
pl 



327rm„ 



^2 2ry^ 



(r?"^ -M3r?2 + 4)(4 - sin- 



1 / V 



.2 _4 



+ 



+(r/^ + 7)(r/^ + l)^sin-i (^)+- 



27/"^ - —r]^ + - 



ig'^ Jo 1 1^1 



67/2 (r/^ + 2)(4 - r/^)sin- 



1 / V 



7/2-4 



+ 



+ 7r(r/* - r/^ - 1) 



*Up to overall factors, related for example to the fermions being Majorana and not Dirac. 
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Clearly, U^^ = U^^^ - pi vanishes. The non-planar contributions are 



ml 



87rm„ 



dx 



(4 - brf + r]^^ 



9(4 - 7/2 



+ 



+ 



(6 - 2r/2 



V"^^ 4v/x(x- 1)772 + 1^ 

5(l-r/2)2 



-C^x(a;-l)r;2+l 



+ 



^ 2r\^ \J x{x — l)r/2 -|- x 

^2 n .2^^ 



+ 



(1-^^) ] V^(^rTv + / (5-47?2)-(9-4r?2)e- 



e,glue ^ff 

2,np 



87r?7T-„ 



dx 



9(4-^^) ^ (4 - 5,2 + Ty^) ^ ^^^ _ ^^^^ ^ \ ^.,^/,(,;rTvTT 



4y^x(x - l)r/2 + 1 



77^ 



^^^^ "^'^^ + (6 - 27?2)v/x(x-l)7y2+x 1 e-€V-(-i)^'+- 



2^ \J x(x — 1)7/2 _j_ 



(1 — 7/2) Y^x(x — l)r/2 



4y^j;(x — 1)7^2 



€^-(-1)'?^ + ( (5 - 47/2) - (9 - 47?2)e- 



(l-^?')(2^- 3(1-7/2)) 



\J xix — 1)7/2 _|_ 2; 



+ 



\J x{x — 1)7/-' 



+ -7/* - 37/^ - 12 



Y^x(x — 1)7/2 _|_ ]^ 



A few remarks are required at this point. First of all, we observe that the polarization 
tensor is a combination of those transverse tensor structures that we expected from the 
Ward identity. Second, since the diagrams contributing to the self-energy are the same 
that one has to compute in commutative topologically-massive QCD, we know that the 



planar contribution has to be equal to the one in |29]. We display explicitly the planar 
contribution, so one can immediately verify that this is indeed the case. Finally, since 
star-commutators vanish in the commutative limit, one expects the planar and non-planar 
contributions to cancel against each other as 7? — > 0. We observe that Hnp'"*^ and H^'l'j^'^ are 
regular in the limit 7? — > and exactly cancel their planar counterparts in this limit. ^p*^ 
is instead singular in the t? ^ as well as in the |p| — > limits. This is the characteristic 
signature of an IR/UV mixing of divergences. 

As we remarked in the introduction to this section, this IR/UV mixing is somewhat 
unexpected, given that the commutative theory is pertrubatively finite. However, one can 
see that the diagrams contributing to the self-energy are power-counting divergent and 
that, in the commutative case, they produce a finite result only when evaluated with a 
gauge-invariant and Lorentz- invariant regulator. 

We can thus understand the birth of the IR divergences in the non-commutative case 
by considering that the effective cut-off A^ = "i^lp] simulates the effect of a non-Lorentz- 
invariant regulator, which, when removed (Agg — > 00), reintroduces the original divergences 
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in the infrared {'d\p\ — > 0) domain. All the new infrared divergences are contained in the 
Lorentz-breaking tensorial structure multiplying 11^ = (n| — n|) in equation ( 3.12| ): the 
symmetries of the commutative theory prevent such a term from being generated. 

These are important checks of the consistency of our calculations. However, the fact 
that we are working in the Landau gauge might lead one to suspect this IR/UV phenomenon 
to be a gauge artifact. This problem was investigated in [30|; in section |5| we will make 
some further remarks on these issues. 

For what concerns the contribution from the fermion loop we proceed as we did before, 
and we find that the fermion contribution indeed has the structure (|3.12| ) . The planar part 
is 



in' 



e,ferm 
l,pl 



in! 



in 



e,ferm 
2,pl 

o,ferm 



pi 



ATTTJlg T] 



4^ 

^2 

log 



+ 



2/X + 7? 



log 



2/i + 7? 



The non-planar part is 



(3.14) 



in 



e,ferm 
l,np 



27rm„ 



x{l 



\/ IJ? + x{x — 1)??^ 



-?\/ tJ.'^+x{x-l)r]'^ 



in: 



e,femi 
2,np 



27rm„ 



dx 



Y^/x^ + x{x — l)??^ + 7 ^ 



x{l 



fJ.'^+x{x-l)ri'^ 



(3.15) 



in 



Ojferm 
np 



dx 



\J 11^ ^ x(x — 1)??^ 



-i,\J li^ ■\-x{x-\)rp' 



The fermionic contributions display a behaviour that is analogous to the gauge ones. How- 
ever, the infrared divergences occur here with an opposite sign: hence, the full contributions 
to the polarization tensor 



ni 



n° 



-pre.glue T-re.glue 
^^l,np "T ^^l,pl 

-pre.glue I T-re,glue 
-'--'■2,np "T -'--'-2,pl 



TTO,glue I TT' 

iinp -I- iip[ 



Ojglue 



_i_ / TTe,ferm . -pTe,femi\ 

+ l^^l.np + ^^l,pl ) ■ 

. I -pTe,ferm . -pTe,femiA 

+ I -'--'■2,np + 2,pl J • 

I / TTO,ferm , -rTO,femi\ 



(3.16) 



are all finite and vanish as 



0. We see clearly that supersymmetry acts as a gauge- 



invariant regulator smoothing out the IR divergences. 



3.2.1 Renormalization and analytical structure 

In the commutative case, the two functions H'^ and n° of equation (|3.2| ) govern the wave- 
function and mass renormalization respectively |1^, 19, Once Lorentz invariance is lost. 
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however, we cannot expect just one wavefunction {Zf, = 1 — 11^) and mass {^Zm = 1 — n°) 
renormalization, since as we have seen the different components of the gauge field renor- 
mahze in different ways. 

In the non-commutative case, we have to arrange the contributions to the self energy 
introducing the renormalization functions and renormalized mass (defined as the position 
of the physical pole in the propagator) as 



(3.17) 





= (i-n^i), 




= (i-n|). 




= (i-n°). 




( 2i \ 


\Z1Z2) 



and we get the renormalized propagator: 

'^^'^^^^ - vziz'2{p' - «)2) 1^ V zi V"' j^yz2 ^ '""^ '"^'p' ) ■ 

The propagator contains an unphysical pole as a result of the propagation of the massless 
degree of freedom, as well as a physical pole for p'^ = (m^)^. To order /nig we have: 

= "^^ (i-n[)a-ni) = "^^[^ - ™° + + "'2] + 0[g^lO- 

We need to prove that the renormalized mass does not depend on the gauge. 

To show this, we can proceed as follows^. First of all, we construct the polarization 
vector . In Landau gauge, the linearized Euler-Lagrange equation for is: 

UA"" + mge''"'^ da^Ap = 0. (3.18) 

Let us expand A^ in plane waves as A'^ = e'^e^^^, on shell^ (p^ = m'^) we find the equation 

= (3.19) 

mg 

we can satisfy this equation in Landau gauge (p^e^ = 0) by choosing: 

^ h ^ _ img . ^^'^ ^ (3.20) 



It is possible to construct a gauge-invariant observable by contracting the self energy with 
the polarization tensors: 

e^^{p)U^,e''{p) = lul + - 2uA = I {mff - | = Am^. (3.21) 



^See for a similar analysis in the commutative case 

® Just like in the commutative case, the Euler-Lagrange equations also have the massless solution e'^ oc p^, 



but this can be gauged away. 
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This expression, evaluated on shell, is exactly the mass shift. Our result is thus a physically 
observable quantity, and as such it ought to be gauge independent. 

By observing the mass-shift expression off-shell, we find non-vanishing imaginary con- 
tributions beginning at the thresholds = 0, = m^, and = Am^. The first cut 
indicates the production of unphysical (zero mass) degrees of freedom, the second one is 
related to the production of pure gauge modes together with one physical gauge boson, and 
the third one to the generation of two physical degrees of freedom (plus eventual massless 
modes). One finds this analytical structure also in the commutative case. On-shell, where 
all the unphysical gauge effects disappear, we observe that all the imaginary contributions 
cancel. We then conclude that non-commutativity does not alter the analytical structure of 
the theory; in particular, we observe no violation of unitarity^. In fact, the gauge-invariant 
amplitude evaluated on-shell (below the threshold for the production of two gauge bosons) 
is real. Of course the amplitude develops an imaginary part, due to the fermion loop, when 
rug = 2m f, associated to the decay process g ^ ff- 

3.2.2 Birefringence and renormalization of the Chern Simons coefficient 

In order to write the one-loop expression of the propagator, we had to introduce two 
renormalization functions Zx^Z^- This fact is characteristic of spaces which exhibit a 
breaking of Lorentz invariance. In particular, in non-commutative QED this fact leads to a 
birefringence phenomenon: the two physical degrees of freedom renormalize independently 



1 36]. In d = 2 + 1, instead, there is only one physical polarization and we find that the 



renormalized polarization vector which solves the one-loop corrected equations of motion 
[Zx [g^^p" - - ^P') + zf^v" - zm,Z„e^^v) = (3.22) 
is rotated with respect to the bare one, which solves the tree-level e.o.m. 

(^5^V - P'^P'' - imge^"'^px^ = 0. (3.23) 

We stress that this happens not only because of the breaking of Lorentz invariance, which 
implies Zi Z2, but also owing to the presence the Chern-Simons term which couples the 
polarizations p^, X^. 

As we have seen, in the commutative case the Chern-Simons action is not invariant 
under gauge transformations but, being a topological invariant, it is still compatible with 
an invariant partition function, provided that its variation is a multiple of 27r — this fixes 
the ratio between the coupling and mass to be an integer. The one-loop gauge-invariance 
of the partition function in the commutative case is ensured if the following condition is 
satisfied: 

4.fe) =4.z„(fyv^) 

9 J ren \^gJ \9 J bare 



""Our considerations refer to the case of spacelike non-commutativity. Timelike non-commutativity seems 



to be inconsistent, as can be checked within our setup by considering the quantity p»p, of equation (A. 2): for 
timelike non-commutativity, one can have p»p < for p spacelike, and the amplitude develops an imaginary 
part irrespectively of the total value of p^ , signalling a violation of unitarity. See js^, 
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where g is a (positive) integer. In [g9[, it has been shown that this condition is satisfied 
thanks to a topological Ward identity that relates to the other renormalization constants 
of the theory. Subsequently, it has been shown that the ratio rrig/ is unrenormalized 
beyond one loop in all infrared-safe gauges 



In our case, the removal of the cut-off — > oo) will leave us with diverging renor- 
malization constants (for \p\ 0) and we find {mg/g'^)j:en 0. The more reasonable 
interpretation is that it is meaningless to speak about the renormalization of the Chern- 
Simons coefficient, since the theory is not IR-finite: the poles in the infrared forbid the 
expansion of the effective action in the momenta and the identification of the linear term 
in p as the one responsible for the CS-renormalization. This is to be contrasted with the 
pure CS theory, that is infrared-finite [^]. In that case, the renormalization of the CS 
coefficient is weh defined [||, |3|, ||, |4|. 



3.3 Majorana self-energy 

The tensor structures appearing in the Majorana self-energy are the ones encountered 
in the commutative case, and no additional terms are induced^. Therefore, we use the 
conventional parameterization: 



rrii 



(3.24) 



The computation again employs the standard techniques. The planar contributions are 



mo 



2Trmg 4r/3 



(r?^-/.^)[r?^-/x(2 + /i)]log 



(?7 + ^)2 



+■ 



+ (r?2 -^,^ + l)[r,2 - (1 + ^)2] log ^ ^ _ 1 
g^ ( 2fi [r/2 + ^(2 + fi) + I] + [r]^ - (1 + fif] \ 



27rmn 



9 



1 



27rmg 2r] 

o2 



9 



2TTma 



{rf - ^^)log 

Al? + 2fi^ + fi 
^J' 



2r/2 

/x^ — 
(r/ + /i)2 



(1 + l^f] log 



+ 



(r? + ^)2-l 



+ 



'For example, the structure ^^d^^k'^ cannot be generated because it is odd in 
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The non-planar parts are 



-"tl>,np 



m,np 



2'irmn 



2'irmn 



dx 



1 xfj? — x{l — x)?]'^ + Xfl 

£, \/xii^ — x(\ — x)r\^ + (1 — 



+ 



1 x[I^ — x(\ — x^rf' + x[i 



i Y^X/U^ — x{l — x)r]'^ 

2(1 + x/i2(l + ^)+xr?2(2x(l + ^)-2-^) 



dx 



-y/x/i^ — x(l — x)r/^ 



2(1 + /i) 1 + ^ + x(^ - 1)(m + 1)2 + x?72(2x(l + fi)-2-fi) 



\JxiP' — x(l — x)?7^ + (1 — x) 



xe 



a;/^^— a;)r)^+(l— x) 



+ 



This self-energy is similar to the gauge boson's one, since it is affected by a potentially 
unitarity- violating threshold at = ttij in addition to the physical one at = {mf+nig)'^. 
We will discuss these terms in the next section, and in section W^. 



4. Dispersion relations 

The spectrum of the non-commutative Yang~Mills-Chern-Simons system is entirely en- 
coded in the poles of the propagator^. Firstly, it contains an unphysical pole at = 0, 
which describes the longitudinal degree of freedom still propagating in any covariant gauge. 
Secondly, it contains the relevant physical pole at 



P 



r R/ -m2 ^l^liiP^P) 
[m^(p,p)J - 



Zi{p,p)Z2{p,p) 



(4.1) 



which represents the effect of radiative corrections on the tree- level pole at p^ = m? . Since 



Lorentz invariance is broken, ( [4.lD does not depend only on p^ but also on p^. 

The simplest way to solve (|4.lD is to proceed perturbatively^'^. At the lowest order in 
/rUg we have the gauge boson's and fermion's dispersion relations^^ 



El = \p\' + ml + Amlip) = \p\^ + ml(l + nl{p,p) + U'^{p,p) - 2n°(p,p) 

(S^(p,p) - T.m{p,p)) 



,,(4.2) 



E} = + m} + Am}{p) = \p\^ + m} { 1 + 2 



(4.3) 



In order that (4.2) provide a reasonable dispersion relation for a stable physical excitation, 
two criteria must be met: (a) it has to be gauge invariant; and (b) it has to be real. 



^Similar investigations have been performed in |44| . 
^°The effects of working with the full ( [l.l| ) will be discussed in section 3.2 . 

^^In a relativistic theory the dispersion relations are fixed by Poincare symmetry in the form E'^{p) = 
IpI'^ +m^. Non-commutativity however, breaking Lorentz invariance, allows for non-trivial dependencies of 
the form E'^{p) — |p|^ + + 5iv?{p) — see figure H, for example. 
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These two requirements are far from being manifest, since the explicit off-shell form of the 
n's is plagued by many complex contributions coming from the unphysical thresholds at 
= and p"^ = rrig, and moreover our perturbative computation has been performed in 
the Landau gauge. 

However these issues can be easily clarified by evaluating the combination 211° — 



nf(p,p) — n|(p,p) on shell for p 



A long series of cancellations occur in this 



quantity, and the final result is completely real. As we have shown in the previous section 
the above combination can be in fact reinterpreted as the S-matrix element describing a 
transition between one-particle states thus, if unitarity is not violated, this element must 
be free from unphysical cuts and gauge-invariant. An analogous mechanism is at work 
for the fermion's dispersion relation, and the combination T,^{p,p) — Tim{p,p) is free of 
spurious thresholds on-shell. 

The dispersion relations E'^{p) = m? + + Am^(p) are given in dimensionless units 



( |3l3D as 



mi 



1 + 



'm'i'dy 



+ 



Arrig 



m 



+ 2 



9 

Amf 



nin 



gauge bosons, 
fermions, 



and both can be greatly simplified by performing some integrations: 



1 + 



+ 



/ 1/2 



dx 



+ 27 




dx 



V-l/2 

+ 3/4 



+ 



+ 4 /i- 1 + 



and 



(4.4) 



(4.5) 



ml 



(m^'i?)^ 



+ 



2'irmgiJ, 



+ 



(2/z + 1) 



+ 



dx ■ 



X + ji^x"^ 



(4.6) 



Both equations decouple for ^ — > 0, as expected, because the group is U(l)v, and thanks to 
supersymmetry. We can distinguish essentially three terms in the gauge boson's dispersion 
relation ([4.5|): the first parenthesis contains the fermion contribution, and the second one 
collects the gauge contributions. The last term collects the pieces (moved from the two 



^^To carry out an off-shell analysis the relevant observable quantity to study is an S-matrix element for a 
four fermions process. A simpler approach is provided by the pinch techniques in section [b^s] we shall 
sketch how these can be applied to our case. 
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preceding parentheses) that contribute to a "rehc" of the IR/UV mixing. This expression 
is finite in the infrared region ^ — > for finite but it has non-trivial effects, as we will 
see. 




0.1 0.2 0.3 0.4 



Figure 2: Dispersion relations i?g(|pj) for both the gauge boson and the gaugino, in the fully super- 
symmetric theory /i = 1, for g'^ /rrig = 0.1 and several values of non-commutativity m^t? e [10^^, 10^]. 
The dispersion relations are qualitatively similar to the ones displayed here for a wide range of parame- 
ters {g'^,'d,mf,mg). Both axes are measured in unis of m^. 

One might wonder whether non-commutativity breaks supersymmetry, and one possi- 
ble check is provided by studying the dispersion relations in the fully supersymmetric case, 
fi = 1. For mj = nig the dispersion relations dramatically simplify, and we are left just 
with 



Since the two dispersion relations coincide one can conclude that SUSY is not broken by 
non-commutativity at one loop. The dispersion relations are shown in figure ||. For weak 
non-commutativity there is no noticeable change with respect to the free theory; when 
non-commutativity becomes sufficiently strong, however, the dispersion relation develops 
a "hump". 

The gauge boson's dispersion relation in the softly broken case is displayed in figures ^ 
and Some features are evident. The decoupling is apparent from the fact that the 
gauge boson's energy E'^ tends to its "bare" value E"^ /m^ = 1. A striking fact is that 
the dispersion relations become anomalous for a certain range of parameters, that is the 
mechanical momentum 

^ d^ 

and the velocity of the particle are anti-parallel for some values of |p| . Finally, the particle 
becomes tachyonic in two regions: for large enough /i, and for > 1/2 and strong non- 
commutativity. In the next sections we will analyze in detail these regions. 
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Figure 3: Tachyonization in the gauge boson's dispersion relation Eg{\p\) for unit non-commutativity. 
For IpI = we have — 1, as expected from the fact that U(l)* decouples for ^ = 0. For \p\ > 0.1, the 
typical behavior Eg ~ is recovered, see the following figures. Both axes are in units of nig. On the 
left: small coupling (/^/rrig = 0.1 and several values of the fermion mass fi £ [100,300]. The dispersion 
relation is anomalous for small values of \p\, and becomes tachyonic for /i greater than /icrit ~ 210. 
On the right: /i 210, and several values of /nig G [0.05,0.2]. The behavior is qualitatively similar 
to the one obtaining by varying /_*, but here the position of the minimum seems to be independent of 
g'^/nig. 




Figure 4: Marginally tachyonic gauge boson dispersion relation Eg{\p\) for /i = 210 and weak coupling 
g^/rug = 0.1, and for several different values of m?gd E [0.2,1]. The qualitative behavior is different 
from the one of the previous graphs: here non-commutativity affects the position of the minimum, but 
one cannot make the particle tachyonic even if non-commutativity is taken to be very strong: the mass 
(or coupling) would have to be increased instead. Both axes are in units of nig. 

The fermion's dispersion relation, on the other hand, is always monotonically increasing 
in \p\ for all the values of the parameters, and so it is not particularly interesting to study. 
In the following sections we concentrate on the gauge boson's dispersion relation, which as 
we anticipated has a rather rich behavior. 

4.1 Pure Yang Mills Chern Simons and QCD 

As fj, is increased to infinity, two interesting limits are reached: U(l)* YMCS corresponds 
to nif — > oo with nig held fixed, and U(l)^ QCD corresponds to mg — > with m/ kept 
constant. The way in which these two regions are approached can be observed in figures ^ 
and ^ while the two limiting theories are displayed in figure ^. 

As one approaches the pure Yang-Mills-Chern-Simons system, the IR/UV mixing is 
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restored. In fact, an infrared-divergent term of the form — 4e~^/^ is produced in this hmit. 
The growth of this negative divergent contribution at small ^ for sufficiently large will 
always make the square of the energy negative in a certain region of spatial momenta (see 
the figure). In other words, the massive excitation becomes a tachyon and the perturbative 
vacuum is no longer stable. Varying the other two parameters {g^,^) will not affect the 
picture: it will only change the specific value of jj, at which the tachyon will appear. Thus, 
when we reach the critical value of ^, we must resort to non-perturbative tecniques to 
select the new vacuum. The gauge boson's dispersion relation for mj — > oo reads 



(4.9) 



The last factor of —4 in the gauge boson's dispersion relation is essentially the parity- 
violating anomaly from the decoupled fermion loop. We see that an IR pole has appeared, 
as shown in figure This is a nice signature of the reappearance of the infrared diver- 
gences when the regulator A = m/ is removed. It is in fact a well-known problem in 
non-commutative field theories that the physics depends on the order in which the limits 
1? — > and A — > oo are taken. 




Figure 5: Gauge boson dispersion relations E'g{\p\) in the /i ^ cx) limit, for weak coupling /rUg = 0.1. 
On the left: pure NC-Yang-Mills-Chern-Simons theory, with fermions removed, for rri^'d € [10, 1000]. 
On the right: NC-QCD, for different values of nijd E [1, 100]. In both cases the particles are tachyonic 
for small values of \p\, but NC-QCD does not have infrared singularities. The axes are in units of nig 
on the left, and mf on the right. 



In the limit nig — > 0, where non-commutative QCD is reached, we can no longer use 



rUg as a meter, so we divide equation (4^) by /x and equation ([4.6|) by /i to re-express 
everything in units of mf. Instead of ^, which includes a factor of nig, only in this section 
we will work with ( = mjT?|p|. In the limit /i — > oo, in which and g'^/nif stay finite, the 
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Figure 6: The dispersion relation becomes Eg{\p\) anomalous as /i approaches the threshold /i = 1/2. 
Here g^/nig — 0.1, m^-d = 10'^ and /i e [0.55,0.75]. This phenomenon is however completely different 
from the large fi one, since for small enough values of \p\ here the dispersion relation is always non- 
anomalous. Both axes are in units of nig. 



dispersion relations become 



m} 

-^/,QCD 
2 

rrit 



+ 



27rm/ 



1 + 



+ 



2-irmt 



<-l 



m 



9 



27rm/ 



+ 



g-m/i?|p| _ I 



(1-0 



+ 2(7 + r[o,c]+iogC) 



m 



(4.10) 



In this case, the gluon has a highly non-trivial dispersion relation, characterized by a 
tachyonic effective mass for small values of p, as can be seen in figure ^. Now no particle 
has been removed from the spectrum, so that no IR singularity is generated. Nevertheless, 
expanding the dispersion relation for small values of p, one immediately sees that tachyonic 
modes develop also in this limit. An IR singularity is restored by taking m'j'd — > oo. 

In the quark's dispersion relation, 7 is Euler-Mascheroni's constant and r[0,C] is an 
incomplete Gamma function. The Gamma function and the logarithm separately diverge 
for C — > 0, but their sum does not. The appearance of the Euler-Mascheroni constant in 
an observable quantity is an exotic feature: in commutative quantum field theories it is a 
well-known fact that this constant always cancels in the observable quantities'^. We will 
provide an interpretation for this finding in section |5|. 



4.2 Near-threshold dispersion relation 

We now come to the dispersion relation for the gauge boson in the case fi > 1/2, where the 
masses are near the threshold for the decay process g ff. In the specific case = 1/2 

^^See, for example, the book by Peskin and Schroeder |46[. 
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Figure 7: The dispersion relation Eg{\p) at the threshold fi — 1/2 and for /nig = 1/3 becomes 
anomalous and then tachyonic as non-commutativity is increased, at m^i? = 3 x 10^. The range here 
is rn^g-d = [0.3,0.3 x 10^]. Notice that the position of the minimum is independent of d. The non- 
anomalous region of small momenta becomes progressively obscured, but a numerical analysis reveals 
that a tiny non-anomalous region continues to exist. 

one integral is easily computed, and the result is rather simple 

where 7 is again Euler-Mascheroni's constant and r(0, ^/2) is an incomplete Gamma func- 
tion. Below = 1/2 imaginary parts start, as expected from the optical theorem because 
the gauge boson becomes unstable. The behavior of the dispersion relation as the fermion 
mass reaches the value rrif = (l/2)mg from above is displayed in figure ^. Figure shows 
the dispersion relation for = 1/2 and for different values of m^i?: the gauge boson 
becomes tachyonic for very large values of m^t?. Considering a particle whose mass sits ex- 
actly at the threshold for its decay process is analytically convenient, but physically rather 
tricky, particularly when the particle becomes a tachyon. Nevertheless, it is not hard to 
check numerically that for a stable gauge boson of mass /U > 1/2, the dispersion relation is 
qualitatively very similar and the limit — > 1/2 is smooth. 

A few remarks on the dispersion relations in the ^ 1 and > 1/2 cases are useful at 
this point. The physics in the two ranges of parameters looks similar at a first glance: in 
both cases, in fact, the dispersion relation becomes anomalous for a finite value of \p\, and 
then tachyonic as some parameter is increased. On a closer scrutiny, however, one notices 
several important differences. 

• The most evident one is probably that while for fj, ^ 1 the dispersion relation is 
always anomalous for small enough values of \p\ (see figures I and I), in the fi > 1/2 
case there seems to be a finite neighbourhood of |p| = where the dispersion relation 
is non-anomalous, as one sees rather clearly in figure ^. 



g, threshold 
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• In addition, in the 3> 1 case the gauge boson becomes tachyonic for large enough 
values of ^, even if m^?? is not very large. The opposite is true in the /i > 1/2 
region, where very strong non-commutativity is needed to generate tachyonic modes, 
see figure 0. 

• Finally, in the large n region one can see from figure |^ that the position of the mini- 
mum depends on both the gaugino mass fx and on the non-commutativity parameter 
m^'!? but not on /nig. In the threshold region, on the other hand, m'^'d does not 
affect the position of the minimum of the energy, as is evident from figure 1^: the 
position of the minimum is determined solely by the coupling constant /nig. 

These findings are worthy of being analyzed in more detail, and in the next section we will 
see that there are two very different mechanism at work behind the two instability regions 
encountered in the /i » 1 and /i > 1/2 cases. 

5. Why (and how) anomalous dispersion relations and tachyonization oc- 
cur 

To explain how anomalous dispersion relations and tachyonization occur, we need a clearer 
picture of the structure of the one-loop quantum effects in this theory. As we have shown, 
after all the terms are summed up one finds that in the IR, which corresponds to = 

• p = -dlpl = 0, there are no quantum effects at all, thanks to a perfect cancellation 
among all the contributions. So we see that at = we have a free theory. As i^lpl 
is increased from zero, all the interactions are turned on in a rather complicated fashion. 
Finally, as we take -dip] oo, all non-planar diagrams are exponentially suppressed: in 
this limit the theory turns into commutative topologically-massive QED^^. From this point 
of view, we can see the parameter 'd\p\ as an effective cut-off Agfj = iSp which turns on 
the interactions smoothly as it interpolates between a free theory (at = 0) and a 
commutative theory (at -dlPl = oo). 



By inspecting the contributions to the polarization tensor in section |3.2| , however, 
one finds several interesting common features. For example, the fermionic contributions 
-|-|-ferm,e^ -|-|-femi,e -Qo.ferm monotouically decreasing in 'd\p\ when evaluated on-shell. In 
addition, the strength of these contributions is damped by the factors of fi and ^ appearing 
in the exponentials. This means that the variations in p of the fermionic contributions are 
governed by a "characteristic length" if: 



fermion loop: ex.p{—p£f), If = ■d^m'j — x(l — x)ni'^ « i? • max(mj, rrig). (5.1) 

Similarly, one can show that the whole contribution from the gauge loops is always mono- 
tonically increasing with p. In this case, the exponential factors are damped by different 
characteristic lengths, all of which are on the order of m-g"!?, so we can roughly say 



gauge loops: ex.p{—p£g), £g = -d^J f{x) nig-d. (5-2) 



^''For this picture to be meaningful one must substitute Dirac to Majorana fermions of course, since 
Majorana fermions are non-interacting in the commutative theory. 
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The fermionic and gauge contributions, along with the standard "kinetic term", are de- 
picted in figure ^ Notice the different scales on the horizontal axis: \'p\/mg, mfd\p\, and 
mg'd\'p\, and the infrared divergences in the second and third graphs. The second graph also 
displays an UV logarithmic divergence for // = 1/2, which will be discussed in section p.2| . 




Figure 8: The three contributions to the dispersion relation, from left to right: (i) the tree-level 
dispersion relation, as a function of |p|/mg; (ii) the repulsive fermion loop contribution to the dispersion 
relation, as a function of = mfd\'p\, for fi = {0.5, 10^, lO'^, 10'^, 10'*}; (iii) the attractive gauge sector 
contribution as a function of ^ = mgd\p\. 



5.1 Tachyonization for large fi: infrared/ultraviolet mixing 

The main reason behind the occurrence of anomalous dispersion relations and tachyoniza- 
tion for large /x is that, as we have seen, relatively heavy fermions influence the small p 
physics sooner than the gauge bosons do — see equations (^) and (^). So we expect, 
for heavy enough fermions, a region of small values of \p\ where the dispersion relation is 
anomalous. 

Let us see how this works in a more quantitative way. We expand the single contribu- 
tions to O(^) and find 





9' 












Sirmg 



(2^2 + 4^ + l)^ + 0(a-) 

(5.3) 



4 + 25e + o(a 

notice that, again, the fermion contribution is always decreasing and the bosonic contribu- 
tion has the opposite behaviour. The grand total is 



E'^ |7t|2 n2 

^ = 1 + ^ + (-/i2 - 2^ + 12) + Oig'mr- (5.4) 

nig nig iirnig 



The group velocity is defined by Vg = -u-j and for |p| = one finds 



d|pl 

|p|=o 47r m 



[12-^(2 + ^)]. (5.5) 



9 
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We see that the dispersion relation becomes anomalous for 



H>Vl3-l, (5.6) 

numerical checks confirm this computation. Because of the anomalous region, there exists 
a nonzero characteristic momentum \p\ = p for which the particle's squared energy has a 
minimum. By increasing fj, further, this value can become negative, leading to a tachyonic 
dispersion relation. 

For tachyonization to occur at weak coupling, one needs to have large contributions 
from the quantum loops^^, which must overcome the factors of g'^. The only possibility is 
that these contributions originate from the IR/UV phenomenon, whenever the fermionic 
and bosonic "characteristic lengths" ii are of different orders of magnitude. If this is 
the case, tachyonization should occur because even though at |p| = there is a perfect 
cancellation between the IR divergences, for some small value of \p\ large shifts in the gauge 
boson's renormalized mass appear. The scale where this happens should be determined 
by the fermion "characteristic length" ^/ ~ 'druf. Infact in the regime where \p\if ~ 1 
and \p\ig <C 1 the non-planar diagrams which contain fermion loops are dumped and the 
negative bosonic contributions prevail. More specifically, we expect the tachyon to have a 
characteristic momentum of order 

_ ? 1 

pec- . (5.7) 

vnif 

We shall now prove this hypothesis. 

To test this picture, we need to find for what critical values of the parameters {g, ??, nig , ^) 
the dispersion relation first develops a massless mode, which will become tachyonic when 
the critical line is crossed. Looking at figure |3|, we see that we must first of all identify the 
characteristic momentum p{g, {>, lUg, /i) 



„ . dEf{\p\;n,g,i9,mg) 
p{fi,g,'0,mg) : — ^ 



d\p\ 



= 0, (5.8) 

P=\p\ 



and then find for what value /icrit(9') ^9) of the fermion's mass the energy E^{p) of this 
mode equals zero: 

f^cmt{g,^,mg) : Eg{p{iicnt,g,^,mg);i2cnt,g,^,mg) =0. (5.9) 

Along this critical line of parameters, the dispersion relation will have a massless mode p, 
like in figure In the following, it will be more practical to look for the minimum of the 
dispersion relation in the related variable ^ = rug'dp. 

Unfortunately, even in the large ^ limit equation (|5.8| ) turns out to be quite compli- 
cated: taking the derivative of ( ^ ) with respect to ^ = rug-dp one gets an equation that 
cannot be solved analytically. Clearly, however, in the large ^ limit a few of the terms 



^ These large coefficients do not lead the theory away from the domain of perturbation theory, as we will 



see in section 3.1 
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of ( [4 .51) will be neglegible. One can test several different large-^u behaviors for ^, and it is 
not hard to convince oneself that only 



Pin, g,^, nig 



(5.10) 



gives a non-trivial result for equation ( |5.8| ) — here, g,'d,mg) is a constant to be 
determined using equation (|5.8|). In this case, in fact, there is a competition between 
several addenda in the dispersion relation, and one obtains 



p2 
rni 



1 + 



9 



2-irm, 



9 I 



1) + e"'^ + 



-/3 



(5.11) 



which does have a non-trivial minimum. Therefore, the constant /? in equation (5.10) is to 
be determined as the minimum of the quantity (5.11): 



l + lJ + P^-ef^ 



(5.12) 



which, for large //, has the non-trivial solution /3 ~ 1.8. The first tachyon mode is generated 
when the dispersion relation ( 5.11| ), evaluated in the "softest" momentum [3 ~ 1.8, is equal 
to zero. This happens for 



2\m„ 



Merit 



2.8 + (^, A, , 



(5.13) 



The destabilization line is displayed in figure ^ for several values of the coupling. We see 
that, by taking fi to be large enough, the transition always occurs for /nig <^ 1. This 
is important when one considers the effect of higher orders in perturbation theory, see 



section 3.1 
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Figure 9: Destabilization line jicntig'^ /mg). Above the destabilization line, a tachyonic mode exists. 
This is valid unless rTi^i? ^ (m)~^- 

The fact that we obtain a finite value for (3 confirms that we are really sitting on the 
dispersion relation's minimum, and that ^ ~ is the correct large-// behaviour for the 
momentum p. This confirms p to be of the order of the "characteristic length" if, as we 
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anticipated in (5^). The phenomenon underlying the generation of these tachyonic modes 
is indeed an "imperfect" canceUation of the IR/UV divergence^^ . 

5.2 Tachyonization for // > 1/2: ultraviolet/mass renormalization mixing 

Let us now turn to the second anomalous region, which corresponds to ;U > 1/2 and strong 
non-commutativity. From the above reasonings and the general lore on perturbative non- 
commutative theories, the first guess would be that the tachyonic instabilities are generated 
by the IR/UV phenomenon also here. 

So far, in fact, we have only found negative contributions to the dispersion relation 
from the gauge and ghost loops. These terms cannot be considered responsible in this 
second case. The reason is that since fi > 1/2, there is a "good" cancellation between 
the fermionic and bosonic IR singularities, and the IR/UV phenomenon cannot lead to 
tachyonization. In fact, for |p| ~ the dispersion relation is not even anomalous, as one 
can see in equation (|5.6|) and in figures ^ and 0. This leads to a first puzzling aspect of 
this destabilization: we seem to be too "near" to the supersymmetric theory to have large 
terms. The mechanism by which a tachyonic mass is generated in this region must be 
completely different from the one of the previous section. 

The only possibility is that, in some sense, this second tachyonic region has its origin 
for large ^, where the physics is related to commutative topologically massive QED. In the 
large-^ limit the various contributions tend to their planar limits. The gauge and ghost 
planar terms are positive. On the contrary, the fermionic contribution in section 3.2 is 
always negative and monotonically decreases from zero to its planar limit, which is 

o2 



ne ferm ^ ^e ferra _ ^j^o,icru.\ i^P^:^) _9_ [4^ + + 2^)2 ( 

/ 327rmg [ \2/i + 1/ 



(5.14) 



This is displayed in figure IC. We notice a divergence for /i 1/2: in topologically 
massive QED the fermions induce a negative mass shift which diverges logarithmically 
at the threshold for the process g — > //. Hence for n = 1/2, in the NC theory, the 
renormalized gauge boson mass at ^ = co is infinitely lower than that at ^ = 0, and this 
should explain the destabilization of the perturbative vacuum. The divergence for ^ — > cxd 
at yu = 1/2 from this contibution is clearly visible in the second plot in figure |8|. 

Let us explore the possibility for this transition to occur at large ^. This means that 
the destabilizing quantum effects must compete with the kinetic term in the dispersion 
relation. This can happen if the transition occurs for m^?? ^ 1, so that the "bare" term 
IpI^ = ^^/ {rrig'd'^) is suppressed. But on the other hand, we have found numerically that the 
position of the minimum appears to depend on g, but not on i!} (see, for example, figure]^. 
How can this be so? 



16t 



In deriving the dispersion relation (5.11), we have neglected the kinetic energy, a contribution of order 



(m.g'd^) . Clearly, the transition line (5.13) will be independent of ■& as long as rUg-d > ). It is in fact 



possible to take two more orders in /i in equation (5.11), and solve the resulting destabilization equation to 



get either /icrit(g,i9) or i?"^"^' (5,m) exactly, up to 0{^~ ). The result is rather complicated and uninstructive 
(it is a third-order equation in /i), and confirms that jj,ciit{g,'&) ~ Merit (5) unless one takes extremely small 
values of rn^-d. The fact that the kinetic energy only contributes a higher-order correction is a signature of 
the fact that the interplay between the IR-singular terms dominates. 
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Figure 10: Fermion loop contribution to the mass renormalization of the gauge boson 6mg{^) in 
topologically massive QED, corresponding in our theory to the planar limit of the Majorana gaugino 
loop, on-shell, as a function of /x. g^/nig — 1. The divergence for /z — 1/2 is responsible for the new 
tachyonic modes. Below /j, = 1/2, the real part is plotted. 



To investigate what is the effect of having large values of S^, let us inspect the case 
1/2 directly to get an estimate of the point where the transition first occurs: 



e 



+ 



+ 27 




8(7 + r(0,^/2)+log(e/2)) + 



dx 



+ 4 -1/2 + 



(5.15) 



7 is again Euler-Mascheroni's constant. In the first row we have (part of) the contribution 
from the fermion loop. The second line is always positive, so the transition must be caused 
by the terms in the first line, which gets below —1 for g^/nig = 1 only at about ^ = 30. 
This means that, for weak coupling, there is no transition unless ^ S> 1, as we expected. 
The integral in the second row can be approximated for large ^ by taking its planar limit, 
and the incomplete Gamma function is exponentially depressed for large ^ as well, so we 
get 



El ^^^'^ 1 + 



+ 



STrnin 



271og3-2-87 



8 log I 



We have seen that the divergence in the mass renormalization of topologically massive 
QED as nif — > mg/2 is logarithmic. In the UV {'&\p\ oo) domain, this divergence 
becomes a logarithmic divergence in ^. We can call this phenomenon an ultraviolet/mass 
renormalization mixing (UV/MR). 

The need for extremely large values of rrigi} and the independence of the minimum 



from mgi^ follow quite naturally from the fact that the divergence is logarithmic, 
characteristic p is given by 



The 



9^ 



27rmo 



P ' 



27r 



(5.16) 
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Figure 11: Destabilization line ^"^^{g) for /i = 1/2. Above this critical line, a tachyonic mode with 
momentum p w ^ g^rrigll-K is generated. Both axes are in units of nig. 

which is independent of ■!?, as expected. Let us now solve the equation Eg[^ = 0. We find 
that a gauge boson with momentum p gets tachyonic for exponentiahy large values of 

mlr-' « 2 exp 1^ + ^Il^l^ _ ^1 ^ 2e=^+-«/^^ (5.17) 



This region is shown in figure 11 . Comparing the last two equations we find ^ 59 exp{7rmg/ g }, 
which confirms the validity of ^ ^ 1 even for g^ /nig = 0(1). 

Numerical checks confirm the computation: the agreement with the tachyonization 
estimate is reasonable. For example, 



g^jmg 


estimated value of m^t?^''^* 


numerical value of rr^g'Q"^'^ 


1 


0.9 X 10^ 


3 X 10^ 


0.33 


5 X 10^ 


3 X 10^ 


0.1 


10^5 


10^6 



For small g^ /nig, one must take extremely large values of m^^, but the transition is never- 
theless still in the domain of perturbation theory, as we will discuss in more detail in the 
next section. 

Before we proceed, let us make a few remarks on the > 1/2 case. To evaluate the 
"width" (in /x) of the tachyonic regime one can inspect the planar limit of the full one- 
loop quantum effects, and notice that tachyonization is possible whenever the planar part 
contributes a term that is greater than the particle's bare mass 

^271og3-4 + 4^-(l + 2//)2logf^^^H < -1 (5.18) 



Sirnig I \2/i — 1 

and ^ is large enough. The left hand side is negative only in a narrow window around 
(5^ = ^ — 1/2 = 0. For 6^ > we find that there can be vacuum tachyonization only for 



exp 



/ 1 27rmg \ 



< '327/4" ' + O('^m)'- (5-19) 
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For /mg = this means 5^ < 6.5 x 10^^^, a thin window indeed. 

Numerical checks confirm that a transition to the tachyonic phase, analogous to the 
one described above, is generated for values of // in the range (|5.19| ). We will not discuss 
this case in more detail here^^. 

Summing up, the picture of the UV/MR mixing is that while in commutative quantum 
field theories all information about the bare theory is cancelled by renormalization, in our 
case the shifts in the masses are physically observable in the momentum-dependence of the 
theory^^. When the mass shifts are negative and sufficiently large, tachyon modes can be 
generated. 



6. Consistency checks, and the nature of the IR divergences 

As we have seen in the previous sections, tachyonization occurs because of terms in per- 
turbation theory which are large compared with the dimensionless expansion parameter 
/rn^. Does this signal a breakdown of perturbation theory? In this section we address 
this question by analyzing higher-order corrections, and by performing some consistency 
checks on our results. 



6.1 Higher orders in perturbation theory 

The authors of ^] studied the IR/UV mixing in the case of the Xip^* theory in d = 6 and 
found that the IR/UV effects do not lead one away from the domain of perturbation theory, 
as long as one has "perturbatively small" values of ^: 

e-l^' <M\p.p)<\\ (6.1) 



where M is the scalar's mass and c is a constant. In the previous section, we have found 
in ( ^.17| ) that the ^ > 1/2 tachyon appears for "nonperturbatively large" values of m^i?. 



An analogue of (6J) for non-commutative YMCS might mean that the tachyon fi > 1/2 
is just an artifact of perturbation theory. 

Let us review therefore the arguments leading to this relation. Order by order in 
perturbation theory, the most divergent diagram in d = 6, Xip^* theory is of the following 
type: 



An analytic treatment is possible by using, for example, 

1/2 , l/V^M^-l , , 

da; ■ 



- 1/4 



Vx^ + 1 



(5.20) 



where we have stretched the integral's suppressed tails to ±oo. 

^*In this sense, the unexpected appearance of the Euler-Mascheroni constant in the observable quanti- 



ties (4.10), (4.11) and (5.15) is a nice signature of the "visibility" of the bare theory after renormalization 



— as we remarked above, in the commutative theories 7 (which e.g. appears in dimensional regularization) 
always cancels in obervable quantities. 
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At order n in perturbation theory, this diagram will get a quadratic divergence from the 
"smallest" loop in the diagram, and a logarithmic divergence from each of the n — 1 bigger 
loops, so that its non-planar counterpart will yield an IR-divergent contribution 

p» p 

For this to be of the same magnitude or smaller than the one-loop term, so that perturbation 
theory is not invalidated, we must have 

>^[logM2(p.p)]"-i, 



p» p p» p 



which leads directly to the left-hand side of (O). In our language, the right-hand side 
of that relation is just the request that the IR-divergent piece overcome the scalar's bare 
mass term in the dispersion relation. 

Let us apply this same reasoning to our case. At order (g'^/mg)^, the analogous 
diagram in our case would be a nested graph generated by four-gluons vertices: 



In this diagram, however, we only have one (linearly) divergent contribution from the 
topmost loop, since the other loops are UV-finite by power counting. Hence, the condition 



nig^p • p ni^^p • p 

which is satisfied for small enough /nig. This is clearly due to the fact that topologically 
massive QED is super-renormalizable by power counting, and hence we do not expect 
higher orders in perturbation theory to invalidate the findings of the previous sections, not 
even for what concerns the /i > 1/2 destabilization and its exponentially high values of t?. 

Even if these large coefficients do not waste the perturbative series, one might be led 
to wonder, however, if an improvement in the approximations could be brought about by 
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studying the full equation (| 



2 r R. ..n2 m^^:^^),^) 



Zi{p,p)Z2{p,p)' 



and not just its expansion ( ^ ) 
£;2 = \p\'^+ml 



1 _ ( Z ) ( 2n°(p,p) - ui{p,p) - ui{p,p) 



rUg 



since the improved equation might (in principle) bring about a restoration of E'^ > 0. This 
problem is analyzed in the next section. 

6.2 The "improved" dispersion relation 

Taking a skeptical stance, one might suspect studying the improved version of equation ( ^?l] ) 
to be non-self-consistent, considering that it implies working at different orders in the 
perturbative expansion of the Feynman diagrams and in the dispersion relations. However, 



one should notice that in passing from the improved equation (4.1) to the approximate 



one (4.2), an expansion in g'^/rug has been performed, which might not be meaningful 



when there are large coefficients in front of g'^ /nig, as in the case of tachyonic momenta. It 
is therefore entirely possible for the improved equation (4.1) to give substantially different 



solutions with respect to ([4.2|), and this would cast a shadow of doubt on the tachyonic 
modes found previously. This section provides a consistency check on the solutions we have 
found. 

To have tachyonic instabilities, by continuity in the squared momentum p'^, there must 
exist solutions of p'^ = in the full parameter space, so we need to investigate what is the 
behavior of the contributions to the polarization tensor for small values of r/^ = p^/m^. 
This limit competes rather often with that of small ^, and one must be careful not to mix 
the two limits. Remember that these correspond to the two physically different cases of 
(respectively) almost tachyonic renormalized mass = for the gauge boson, and small 
spatial momentum \p\, 

Let us first of all investigate the case of r/^ ~ with ^ finite, which allows to study 
the onset of tachyonization for arbitrary values of the spatial momentum \p\ = ^/(m^i?). 
n° is clearly regular as r/ — > 0, and an explicit computation shows that so is n|, thanks to 
several cancellations. HI, on the other hand, has an divergence, and this fact must be 
taken into account when approximating equation (^]^). When r/^ ~ 0, 11°'^'^ and ILf tend 
to well-defined small values (in g'^/nig), and Ilg ~ D/if' where 

Dig, ^, = lim (r/ U,) = ^ ^ J . (6.2) 



The improved pole equation then reads 

(1 - n°)^ 
(i-n5)(i-n^) (1 - ni) 



,2_ (i-n°)^ _ (i + nf-2n°) 
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because n°*^'^ and n| are always much smaller than 1, at least as long as /rUg <C 1: the 
limit of small does not interfere with the "perturbative" limit here. Therefore, for 77 ~ 
we may write 



772 - D 

and to have a non-trivial solution with 77 « 0, we must have D w —1. For large /x, we see 
that D has a minimum for small ^ for which Dmin ~ This means that there 

exist values oi ^ solving the pole equation for some ^ only if 

>21. (6.5) 

rUg 

Unexpectedly, this is just the perturbative result ( ^.13 ), and the improved equation does 
not give any corrections. 

One can also see that, for rf ~ 0, the "exact" dispersion relation is very similar to the 
"approximate" one. We are free to say that since 11° (77^ = 0) and 11^(77^ = 0) are much 
smaller than one, they do not differ much from their approximate values n°(772 = 1) and 
n|(7/2 = 1). In addition, a numerical computation reveals that 

|Z?(5,/x,e)-ni(5,r7 = l,/i,6l <0.2^ (6.6) 

mg 

for all ^ > 1/2, and for all values of ^. This is not at all evident a priori, since D comes 
from a small 77^ expansion and HI is evaluated for 77^ = 1, and there must be some reason 
why this is happening. Before explaining this, let us have a look at the other case, that is 
the small-^ region. 

Let us now concentrate on the ^ ^ 1 and ^ ~ limit. When ^ ^ 1, the fermionic 
contributions are exponentially suppressed, and in the ^ <C 1 limit 11° is regular, and so is 
nf thanks to several unexpected cancellations; 11% only gets contributions from the gauge 
sector, and we find 

^i = -^{^}] + —m, (6.7) 

Proceeding as in equation ( |6.4D , the improved pole equation ( |6.3D becomes, thanks to the 
unexpected 77"^ factor. 



(6.8) 



which is roughly equal to the approximate result (|4.2| ). We stress that we did not use 
r/ ^ 1 in deriving this equation, but only /i ^ 1 and <C 1. This finding is just as puzzling 
as those of (|6.5| ) and ( |6.6D , since it seems that taking ,^ ~ inside the improved equation 
somehow kills all the higher order corrections originating from 77^ <C 1. 



77^ = 1 - 2n°(772) + liliri") - f + f 4, 

= 1 - 2n°(772) + Ii\{rf) + ni(r/2 = 1) + O (|^, 
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So why are the improved (^) and (^) and approximate results ( 5.13| ) and (| 



approximately equal, that is, why does the (numerical) relation ( |6.6[ ) hold? The answer 
is in fact simple, and is related to the nature of the IR divergences, as we anticipated. 
Inspecting HI, we see that all terms which contain poles in 1/^ also diverge^^ as ^/ff- 
Hence, the two limits 77 ~ and ^ ~ are connected by the fact that the leading IR 
divergences have the form 

"^3 V'?^'^ / 'd\'p\p'^ 



This combination is generated because ( |6.9|) is the only combination of the dimensionless 
quantities ((^^/m^, /x, ^, r/) which does not depend on the masses ruf and nig. It is a well- 
known fact that also the leading (would-be) ultraviolet divergences of topologically massive 
QED are mass-independent (as some power counting easily shows). 

This has been a raher long discussion, so let us sum up the main conclusions of this 
section. First of all, the "coincidence" that the leading IR divergences have the form ( |6.S| ) 
ensures that the dispersion relation ( |4.2| ) is indeed a good approximation of equation (^]^) : 
any other pattern of divergences would have wasted the expansion in powers of /nig. 
At the same time, we can take the fact that equation ( |6.9| ) is mass-independent as an 
indication that the IR divergences of our theory are a physical phenomenon induced by 



the IR/UV mixing, and are not artifacts induced by misplaced gauge effects ||3^, or by a 
careless truncation of the perturbative series. 

6.3 Off-shell unitarity: intrinsic pinching of the self-energy 

In the preceding sections we were able to investigate the unitarity of the theory only on- 
shell. This is because off-shell propagators contain gauge-dependent degrees of freedom (like 
ghosts), which hide the unitarity structure of the theory. To dicuss the theory's unitarity 
in a more general situation, several different approaches are available, like employing the 
background field method p^ . 

Pinch techniques (PT), in the original formulation by Cornwall p7| , provide a 
manageable solution to this problem. These consist in an algorithm that rearranges the 
5-matrix elements of gauge theories and produces off-shell proper correlation functions 
which satisfy the same Ward identities (WI) as those produced by the classical Lagrangian 



1 47, 48, Q^, 51 1 . The PT off-shell Green functions, in addition to being gauge invariant 
by construction, also satisfy basic theoretical requirements such as unitarity, analiticity 
and renormalizability. They can be also used as the building blocks of gauge-invariant 
Schwinger-Dyson equations, which allow to discuss non-perturbative questions as vacuum 



stability, dynamical mass generation |47, 48|, and the behavior of unstable states |52, 53| in 
the commutative setup. An all-orders generalization of the PT has been developed both for 
QCD and for the electroweak sector of the standard model [p4|, [55|, [5^. A comprehensive 



discussion of this topic is out of the goals of the present paper (see |57| for an excellent 
review); here, instead, we shall briefly outline how these techniques can be applied to the 
case we are interested in. 



^ There are several cancellations at work in M\, which are not immediately evident at first sight. 
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In [^] , the pinch techniques were adapted to the non-commutative setup in the case of 
four-dimensional non-commutative QED. Performing analogous calculations in the topo- 
logically massive theory would be a rather daunting task, given the number of competing 
diagrams contributing to the cancellation. In this paper we shall take a slightly different 
approach, using so-called intrinsic pinch techniques |55]. The intrinsic method essentially 
consists in showing that all seemingly unitarity- violating terms in the off-shell propagators 
cancel when the equations of motion are imposed. The relation with the method outlined 
above is well known: the pinched diagrams which are to be combined with the ones con- 
tributing to the polarization tensor are all lacking a propagator on an external leg. This 
means that all pinching contributions in U^u must contain an inverse propagator attached 
to the index /j, or z/. Similar considerations apply to the fermion's self-energy, on which we 
shall concentrate in a moment. 

The intrinsic pinch techniques provide a stronger check of unitarity than simply going 
on-shell, because the gauge-dependent terms are dropped before the momentum integra- 
tions are carried out. With respect with the traditional pinch techniques, unfortunately, 
the intrinsic approach hides the mechanism by which contributions from different diagrams 
conspire to provide off-shell unitarity. This means that the internal consistency is some- 
what less clear, especially in the prospect of performing a gauge-invariant resummation. 
The way in which the spurious threshold cancel is however instructive and encouraging, as 
we now show. 

Recall that the Majorana self-energy term had the form 



2g^C 



(27r)3 



{k+pf 



m 



-2sin^ 



2 

(6.10) 



which contains a physical threshold at p^ = {mj + mg)'^ , and an unphysical one at p^ 
An "intrinsic pinch" consists in identifying all the terms which contain spurious thresholds, 
and showing that all these terms contain an inverse propagator S^'^{q) attached to an 
external leg. This is equivalent to demanding that all (potentially) unitarity- violating 
terms cancel when the equations of motion are imposed. The integrand can be written as 



{P^ 



im. 



7^S{k+p)Ye^,aP'' i)S{k + p)i>^ 



m„ 



{k+pY 

using the "trivial Ward identity" 

YS{q)Ye^,^p' 

we rewrite the integrand (|6.11| ) as 
^ + |i + 3m/ 



m. 



(6.11) 



(6.12) 
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{S-\k) + ^, ^} 



{p + kf 



m. 



p2(jp, _ ^2\ 



i)S{k + p) [5-1 (A; + p) - S-'^{k)\ 



p2(jp. 



m„ 



(6.13) 
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By definition, all S^^{k) terms are "pinching", since they vanish when the equations of 
motion are imposed. In addition, all such terms contain spurious thresholds, as expected 
if unitarity holds. The pinched self-energy becomes 

-^^Ak) = - '^a'C / ^-i^-^ ^ ^ ' (1 - cosp^fc) ; (6.14) 



(A; + p)^ — rrtTj [p^ — m 



notice that we did not need to perform the momentum integration to define this pinched 
quantity. Now we can introduce an x parameter and perform the integral, getting (in units 
of nig) 



rrig A-KTUg J ^xfjfl - x{l - x)rf + {I - x) V 

(6.15) 



Comparing this expression with the unpinched one (see section p.3| ), we see that the un- 
physical threshold = m'j has disappeared, while the physical one at = (m/ + rug)'^ 
survives. 

A consistency check of this approach is obtained by verifying that on shell the propaga- 
tor is unchanged, as one would expect if only gauge artefacts are removed by the procedure. 
On shell {^t = — /Lt) one easily sees that indeed the pinched dispersion relation is identical 
to the unpinched one (|4.6|) , as expected. 

We have performed an analogous, quite lengthy and rather uninstructive computation, 
veryfying that the same mechanism holds for the gauge boson's propagator: all the po- 
tentially unitarity-violating terms corresponding to the thresholds at = and = 
vanish with the intrinsic pinch techniques, and the pinched propagator is identical to the 
standard one in the on-shell limit. 



7. Conclusions and outlook 



Our findings suggest that non-commutative, softly supersymmetric Yang-Mills-Chern- 
Simons is a well-defined theory, possessing a perturbatively stable vacuum in a large part 
of its parameters space of couplings and masses {g,mg,mf,i}). 

The perturbative vacuum becomes unstable in two different regions, corresponding 
to nif ^ nig and (mj > 'nig/2, m^-d > 2e^"^'^™s/^^), as we have checked at one-loop, 
and verified against higher-order corrections. The physics at work in these two regions 
appear to be very different: in the case of large mj, tachyonic instabilities are triggered 
by an imperfect cancellation of the IR/UV mixing phenomenon. In the other region, 
mf > mg/2, we observe a peculiar "MR/UV" mixing, by which a divergence in the mass 
renormalization of the commutative theory is transported in the ultraviolet regime of the 
non-commutative model. 

At the moment, the nature of the new vacuum is a matter of speculation In 
our model, the tachyonic mode is characterized by a well-defined, finite momentum, as 
can be seen in figures ^ and |^. For this reason, one may conjecture that this instability 
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will lead the system to a sort of stripe phase analogous to that proposed by Gubser and 
Sondhi |]5^ , |60| , 61] for the 99^* theory. This possibility is however rather problematic: 
a non-translationally invariant vacuum would bring about a dynamical breaking of the 
gauge invariance, endangering the consistency of the entire theory. Recall that, for a 
non-commutative gauge theory, spacetime translations are in fact a subset of the gauge 
transformations. 

A less speculative (but nevertheless very intriguing) point of view is to suppose that 
the tachyonic mode will drive the Yang-Mills-Chern-Simons system through a phase tran- 



sition similar to the one speculated by Cornwall |47, 48| for the non-Abelian model, in the 
commutative case. The fate of the perturbative vacuum should be discussed, of course, 
at the non-perturbative level |62, From this point of view, the lattice 



formulation is particularly promising |65, 39, 70, 71, 72, 74, 75]; in addition, the search 
for exact solutions of non-commutative quantum field theories can shed some light on some 
aspects of these theories, like the IR/UV-related phenomena 77, 78]. 

Another course, which was outlined in section and discussed in some detail in ]45|, 
would be to employ a gauge-invariant resummation formalism to study the fate of the 
perturbative vacuum. The next natural step in this direction is to compute the pinched 
three-vertex in non-commutative QED and YMCS. 
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A. Conventions and notations 

We take the metric in flat 2 + 1 Minkowski spacetime to be 



g' 



diag(+l,-l,-l) 



0,1,2 



(A.l) 



and for the e^^'^^ we take e''^^ = £012 = 1- 

Passing from Minkowski to Euclidean space and back is a bit tricky when the tensor 
•d^jy is around. To make an analytic continuation in the non-commutative case, one needs to 
define a Wick rotation for the matrix 'dny that preserves the Moyal phases, so that integrals 



become convergent: this is given by 
timelike cases as 



Bullets are defined in the spacelike and 



M 



'&'^{Pq — Pi) mixed, or 
t?^ (Pi + P2 ) spacelike . 



(A.2) 



The main equation is rather counter-intuitive: 



+Pm 



-{p»p) 



M, 



Wick 



-Pi 



(A.3) 
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because it implies that {p •p) is invariant, but its name {p^) changes sign. Therefore, 



and one sees immediately that, in Euclidean space, {p»p) is positive-definite — as it should 
be. 

A.l Feynman rules 

The path integral approach to the quantization of gauge theories generalizes easily to the 
non-commutative setup also in the presence of a Chern-Simons term. The propagators 
and vertices are 

• Gluon propagator: 




■d^iPQ+pl) mixed, 
^^(Pi+pi) spacelike. 



(A.4) 



V 



|2 ^j)2 



I 



{p^Qiiv - PfiPu + irrige^uaP") + C 



P- 



— m: 



• Three-gluon vertex 




VriP^Q^r) = {2ttY 5{p + q + r)2ig sin {E^) 

{irrigex,,^ - g\^,{p - q)v - g^v{q - r)x - gux{r -p),^) 




• Four-gluon vertex 



P 



V 




{P + g + r- + s) = {2Tifb{p + g + r + s^-^g'^) 






The Feynman rules for the ghosts and fermions are unaffected by the Chern-Simons term: 
see for example |45]. 



A. 2 Useful integrals 



In the three-dimensional case, the non-planar integrals |25] give rise to half-integer Bessel 
functions 



+ - 



i\/2 / \/k •k 



1/2 



(2^)3 [p2 - M2]2 87r3/2 I M 
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where we have set z = M^Jk • k and ^^^^^ 
rence relations: 



(A.5) 



-^={-dk)^ . There are some useful recur- 

/k»k ^ ' 



n+l 



Kn-1 



dx 



zKn-i{z) - zKn+i{z) = - 2nKn{z), 



(A.6) 
(A.7) 



which we have employed extensively to get a simpler expression of the polarization tensor 
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